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In this paper we briefly survey the current state of ab initio calculations in terms of the accuracy 
and range of applicability of these methods for studying complex processes in real materials. We 
highlight some of the successes and limitations of these techniques and discuss the extent to 
which linear-scaling methods are able to extend the scope and scale of ab initio calculations. We 
argue that a combination of linear-scaling methods and hybrid modelling schemes is required 
to overcome many of the difficulties currently faced by conventional schemes, and present our 
own contributions towards the development of a robust and reliable linear-scaling method. 
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penalty-functional method; computer-simulation; electronic-structure calculations; ab-initio 
calculations; embedded cluster; density-functional theory 

INTRODUCTION 

The power of ab initio calculations has increased rapidly in recent years. 
In this paper we start by reviewing the present capability of first-principles 
calculations and point out some of the limitations of present conventional 
techniques. We then focus on linear-scaling techniques and discuss the ex- 
tent to which they do represent a significant step forward in first-principles 
approaches. We review hybrid modelling schemes which also provide a 
route to much larger system-sizes and explain why linear-scaling approaches 
are the method of choice for the first-principles element of such schemes. 
Finally we briefly describe our work on the development of an ab initio 
linear-scaling code based upon a penalty-functional method. 
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CONVENTIONAL TECHNIQUES 

The speed of progress in first-principles calculations over the fifteen years 
since Car and Parrinello’s introduction of a unified scheme for density- 
functional theory (DFT) and molecular dynamics [ 11 has been breathtaking. 
The combination of the universal adoption of density-functional theory [2], 
significant improvements in numerical methods [3] and the availability of 
powerful computers has allowed first-principles studies of systems contain- 
ing as many as a thousand atoms from the whole periodic table, typically 
yielding predictions of physical and chemical properties with an accuracy 
of a few percent. A critical aspect of calculations on systems of this size 
and complexity is the optimisation of atomic positions, since experiment is 
not capable of providing this information to sufficient accuracy. It is even 
possible to perform dynamical simulations in which the forces on the atoms 
are calculated from first principles and to study quantum effects in the ionic 
system using Feynman’s path integral formulation [4]. 

While the power of modern first-principles calculations is impressive, it 
is important to appreciate that accessible system-sizes and time-scales are 
actually very limited: a system containing a thousand atoms typically has 
a volume of only 20 cubic angstroms. Although structural optimisation is 
possible in most first-principles codes, in general the true minimum energy 
ionic configuration will only be found if the connectivity of the ionic system 
is correctly specified. While dynamical simulations are in principle possible 
in any first-principles scheme that calculates ionic forces, in practice only 
the total energy pseudopotential technique has successfully used dynamics 
to address real scientific questions. 

LINEAR-SCALING TECHNIQUES 

The computational cost of conventional wavefunction-based total energy 
schemes scales at least as the cube of the number of atoms in the system. 
Many linear-scaling first-principles schemes have been proposed over the 
years [5 - 81. While these schemes will allow calculations for very large 
numbers of atoms, there are other technical problems that may prevent 
the extraction of useful scientific information from such calculations. In 
particular, the length-scales and, more importantly, time-scales are still ex- 
tremely limited. A system containing a million atoms is still only 200 cubic 
angstroms in volume, and the relevant time-scales (or equivalently the 
complexity of the phase space) increase very rapidly with system-size. 
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Furthermore, in such a large simulation most of the atoms will be very close 
to their bulk configuration and, even using a linear-scaling algorithm, con- 
siderable computational effort will be expended describing regions of the 
system where a full first-principles calculation is not required. 

HYBRID MODELLING SCHEMES 

A schematic illustration of a hybrid modelling scheme applied to a block 
of material containing two cracks is shown in Figure 1. Ab initio techniques 
are applied in the lightest shaded regions containing the crack tip, where 
accurate quantum-mechanical description of the bond-breaking process is 
essential. In the surrounding region, empirical interatomic potentials are 
used, and in the darkest shaded region continuum modelling is used. This 
approach allows each region of a system to be described by the modelling 
technique best-suited to the accuracy required in each region and also ad- 
dresses the problem of multiple length-scales. 

Hybrid modelling schemes incorporating empirical potentials in the 
atomistic region and a finite element description of the continuum regions 
have been developed [Sa]. However, first-principles calculations have been 
incorporated in such schemes to a far lesser extent [8b]. The reason is 

FIGURE 1 Schematic illustration of a hybrid modelling scheme 
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primarily that the standard cluster and supercell based techniques are not 
easily included in such hybrid modelling schemes. Cluster models for 
extended systems are known to be very sensitive to the termination of the 
cluster, and supercells have serious topological restrictions due to the need 
to impose periodicity e.g., it is impossible to model a single dislocation or 
surface in a supercell. In contrast, linear-scaling schemes need have no 
toplogical restrictions and provide a controlled termination of the quantum 
mechanics and thus may be incorporated into hybrid modelling schemes. 

PENALTY-FUNCTIONAL METHOD 

The cubic scaling of traditional ab initio methods arises in general either 
from the cost of diagonalizing the Hamiltonian or from orthogonalizing 
the wavefunctions in iterative schemes. Most linear-scaling techniques have 
been developed by reformulating the quantum-mechanical equations in 
terms of generalized Wannier functions or the single-particle density-matrix, 
instead of the extended single-particle wavefunctions. Enforcing the locali- 
zation of the Wannier functions or truncating the density-matrix beyond a 
certain range results in a linear-scaling method. However, although many 
such schemes have been proposed [5-81, progress towards a truly general 
purpose scheme has been rather slow. Some of the problems encountered 
in implementing linear-scaling schemes are the existence of multiple 
minima in the energy surface, and slow convergence towards the electronic 
ground-state, even when the correct minimum is located. The result is 
a method with a computational cost that is linear in the number of atoms 
but with a very large prefactor so that the linear-scaling calculation only 
becomes faster than conventional schemes for extremely large systems. 

In order to address the problems mentioned above, we are attempting 
to formulate a linear-scaling scheme with the following features: 

0 Single minimum in the search space. 
0 Fast, guaranteed convergence to this minimum from any starting 

configuration. 
0 Computational cost and memory as small as possible making the tech- 

nique competitive with conventional techniques even for moderately sized 
systems. 

Ultimately, we wish to have a linear-scaling code with the same reliability 
and efficiency as present wavefunction-based ab initio codes. 
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As mentioned above, the cubic scaling of conventional techniques re- 
sults from the cost of solving Schrodinger’s equation for the single- 
particle wavefunctions which are the eigenfunctions of the Kohn-Sham 
Hamiltonian. Within a self-consistent ab initio scheme it is also necessary 
to find the ground-state electronic density, but since this stage of the cal- 
culation already scales linearly with system-size, we will only address the 
solution of Schrodinger’s equation for a fixed electronic density (and thus 
Hamiltonian). In a conventional scheme this may be achieved by diago- 
nalizing the Hamiltonian (directly or iteratively) in the representation of 
some set of basis functions. Plane-waves and Gaussians have been popular 
choices for this purpose. We have chosen to use truncated spherical- 
waves [9] for this purpose for the following reasons: 

0 Truncated spherical-waves naturally obey the boundary conditions im- 
posed to truncate the density-matrix (or localize the Wannier functions). 

0 The completeness of the basis set may be controlled by means of a kinetic 
energy cut-off, as for plane-waves. 

0 Meaningful comparison may thus be made to the results of plane-wave 
calculations. 

0 Quantities such as the overlap matrix and matrix elements of the kinetic 
energy and non-local pseudopotential operators may be calculated 
analytically. 

Instead of solving for the extended wavefunctions, we choose to solve 
for the single-particle density-matrix which contains the same information 
but is not subject to the constraint of orthogonality and is short-ranged SO 

that it may be truncated yielding a linear-scaling technique. In conven- 
tional methods, the lowest energy wavefunctions are occupied according to 
Pauli’s exclusion principle, but in density-matrix-based schemes, the occu- 
pation numbers of these wavefunctions become variable parameters and 
it is necessary to impose the following constraints: 

0 Normalization: the occupation numbers must sum to the correct number 

0 Idempotency: the occupation numbers should be zero or unity, in order to 
of electrons in the system. 

obey Pauli’s exclusion principle. 

The first constraint is straightforward to impose, but the second, name- 
ly that the density-matrix and its square are identical, is non-linear and 
hence rather problematic. Some methods [6] have used the purifying 
transformation [ 101 to impose this constraint implicitly, but it has been 
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argued [l 11 that this scheme may suffer from a rate of convergence that is 
less than optimal. Kohn [7] first proposed the use of a penalty-functional 
for imposing the idempotency constraint, but his use of a non-analytic 
functional to obtain a variational principle rules out the application of cur- 
rent efficient algorithms to this scheme [12]. We have proposed the use of 
an analytic penalty-functional [8] to approximately impose the idempotency 
constraint. The advantages of this method are an improved rate of conver- 
gence and a single minimum in the search space. However, the disadvan- 
tage of the scheme is that this minimum is not obtained for the idempotent 
ground-state density-matrix, but a nearly-idempotent approximation to 
it, which approaches the correct limit as the strength of the penalty- 
functional is increased. The solution to this problem has been the devel- 
opment of an analytic correction to the estimated total energy which gives 
accurate values for the true ground-state energy from minimizing density- 
matrices which need not be idempotent. The method has so far been applied 
to crystalline silicon and yields results in good agreement with experi- 
ment and conventional plane-wave calculations. In Figure 2 we plot the 
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FIGURE 2 Scaling of the penalty-functional method with system-size. 
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CPU time per iteration versus the system-size for the penalty-functional 
method running on a DEC 500 au computer with 96 Mb of memory, and 
thus demonstrate the linear scaling of the method. 

CONCLUSIONS 

In conclusion, we have shown that although linear-scaling techniques are a 
significant step forward in the development of ab initio quantum-mechanical 
calculations with respect to the range of applications to which such meth- 
ods may be applied, they do not in themselves overcome all of the limita- 
tions of conventional techniques. We have argued that the combination of 
ab initio linear-scaling techniques with hybrid modelling schemes is essential 
in order to efficiently and accurately model large-scale processes in real 
materials which are of interest to scientists and engineers today. We have 
outlined some of our work towards achieving this goal, namely the develop- 
ment of a penalty-functional-based ab initio linear-scaling scheme. 
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